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Stationary extended frames in general relativity are considered. The requirement of stationarity 
allows to treat the spacetime as a principal fiber bundle over the one-dimensional group of time 
translations. Over this bundle a connection form establishes the simultaneity between neighboring 
events accordingly with the Einstein synchronization convention. The mathematics involved is that 
of gauge theories where a gauge choice is interpreted as a global simultaneity convention. Then 
simultaneity in non-stationary frames is investigated: it turns to be described by a gauge theory in 
a fiber bundle without structure group, the curvature being given by the Frolicher-Nijenhuis bracket 
of the connection. The Bianchi identity of this gauge theory is a differential relation between the 
vorticity field and the acceleration field. In order for the simultaneity connection to be principal, a 
necessary and sufficient condition on the 4- velocity of the observers is given. 
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I. INTRODUCTION 

Since the early days of special relativity, the isotropy of 
the speed of light was considered as conventional, and re- 
lated to the synchronization convention of distant clocks. 
The discussion was revived in the last decades by a con- 
troversial experimental test of the isotropy of the speed 
of light HlH and by arguments which showed the priv- 
ileged status of the Einstein synchronization convention 
over other conventions 0,0]. On the other side, some 
authors 0, El reconsidered those results proving the in- 
dependence of the laws of physics from the synchroniza- 
tion convention (simultaneity convention) adopted, and 
the existence of a set of conventions alternative to the 
isotropic one. Along these lines, it was shown that the 
causal structure of Minkowski spacetime follows solely 
from the constancy of the speed of light over closed 
paths [ll^.l20| . This provided new confidence on the local 
Minkowski nature of the spacetime manifold, and sug- 
gested how to make statements without relying on syn- 
chronization conventions. The strategy was to connect 
convention-free quantities (i.e. independent of the syn- 
chronization convention), like the two-way speed of light, 
to convention-free quantities, like the causal structure. 
This convention-free approach will prove to be useful in 
more general situations. 

Leaving inertial frames in special relativity things be- 
come far more clear. In general it becomes impossible 
even to synchronize distant clocks using the Einstein syn- 
chronization convention and hence no question arises on 
its predominance over other conventions. One cannot 
avoid the arbitrariness of the choice of a global synchro- 
nization. A formalism would be welcome if it is able 
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to provide quantities independent of the synchronization 
convention adopted. This formalism is that of gauge the- 
ories. The aim of this work is to fix completely the paral- 
lelism between conventionality of simultaneity and gauge 
theories. The need for a gauge formalism was already 
noticed 0, 0|. Here, a coherent exposition in light of 
Ehresmann's theory of connections [13| is given. It has 
the great advantage of unifying old and new results (see 
Eq. (|29|l and its interpretation as a Bianchi identity) in 
a common formalism which provides new insights on the 
geometry of spacetime. 

We start with stationary frames in general relativity. 
Our conclusions will have straightforward specializations 
in usual contexts like the rotating platform in special 
relativity or the Kerr metric in general relativity. Then 
we study simultaneity in non-stationary frames showing 
that it is still described by a gauge theory in a generalized 
sense already developed by mathematicians 0, 0, . 
The derivation is short but needs at least some notions of 
differential geometry of principal fiber bundles 0, |3(| . 
We shall use the conventions of Kobayashi and Nomizu 
[l3| apart from the wedge product that here is fixed by 
aA[3 = a®[3 — (3®a. The spacetime metric has signature 
(+---)■ 



II. THE GEOMETRY OF EXTENDED 
REFERENCE FRAMES 

In everyday experience we deal with reference frames 
extended over large scales. On the Earth's surface, 
physics laboratories communicate to each other consid- 
ering themselves at rest with respect to the same global 
reference frame. Such a situation is very different from 
the local inertial reference frame that can be constructed 
in the neighborhood of a given free falling, non rotating, 
observer. There, locally, the usual Minkowski spacetime 
is recovered and the Euclidean spatial metric (that ex- 
perienced by rods at rest with respect to the observer) 
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is derived as the projection of the spacetime metric over 
the simultaneity slice, where the simultaneity of events is 
defined by the Einstein convention. Things change when 
a large number of observers are brought together to form 
an extended reference frame. For instance, the Einstein 
simultaneity convention is unsuited for rotating systems 
because clocks cannot be synchronized in that way all 
around a closed path. The spatial metric can no more 
be defined as the projection of the spacetime metric over 
the simultaneity slice because the Einstein synchroniza- 
tion convention, in general, does not work in the large 
and, therefore, such a slice does not exist. Hence, the 
spatial metric needs a more general definition (see sec- 
tion nni). 

Let M be the spacetime manifold of metric <? M „, and 
let k be a time-like Killing vector field. We shall say that 
a body is at rest with respect to the stationary frame 
if its worldline is an integral line of the Killing vector 
field. Its four-velocity is (we shall use the symbol u also 
to denote the 1-form u a ; its meaning will be clear from 
the context) 



(1) 



^fk~k 



Let G = T\ be the one-parameter group of diffeomor- 
phisms generated by the Killing vector field and let t be 
the corresponding parameter, k — <9 t . The previous defi- 
nition identifies a point of space of the stationary frame 
with an integral curve of the Killing vector field, hence 
the "space" is defined by 



S = M/G, 



(2) 



that is, as the quotient space of M under the action of 
the Lie group G. Here, we recognize, at least locally, 
all the ingredients of a principal fiber bundle: M is the 
principal bundle, G is the structure group and S is the 
base. We need only to define the right action of g — 



e € G on m G M as mg 



t(m) where </>* sends an 



event to its evolution after a Killing time t. The fiber F s 
over s £ S is given by the integral line identified with s, 
and we shall refer to it also as the worldline of s. For 
definitencss it is assumed that the projection it : M — ► S 
of the bundle onto the base is differentiable. Finally, the 
principal bundle is trivial because its structure group, 
the group of translations in one-dimension, is contractible 

ua 

The systematic construction of the gauge theory would 
be complete if we could provide a 1-form u> (the connec- 
tion) on M, with the following properties [13| 



(a) 
(b) 



oj{k) = 1, 

(fl^LO = LU. 



(3) 
(4) 



where <\>% is the pullback of <j) t . This is accomplished by 
the choice 



Statement (a) follows trivially from substitution and 
statement (b) from the invariance of (jSJ under transla- 
tions: Lkk — Lkg — 0. In a given event m, the tangent 
space T m splits in two parts, the vertical space V m gener- 
ated by the Killing vector field, and the horizontal space 
H m orthogonal to it: lo(X) = «-> X 6 H. 

Let us investigate more closely the physical meaning 
of this gauge theory. An observer at rest in the station- 
ary frame can define, in his neighborhood, a simultane- 
ity slice in compliance with the Einstein synchronization 
convention. The coordinates obtained following the Ein- 




k^dxf* 
k-k ' 



(5) 



FIG. 1: The horizontal plane and its relation with Einstein's 
simultaneity. 

stein convention, even for events far away from the world- 
line, are known as Marzke- Wheeler coordinates (I?! |24|. 
Here we are interested only in the trivial result that the 
worldline is indeed orthogonal to the simultaneity slices. 
This result should be expected because it is a local state- 
ment that holds in special relativity. At least locally this 
means, as it was emphasized by Robb 0, that the 
Einstein convention corresponds to taking as simultane- 
ous with m S M those events in a neighborhood of m 
that lie in the exponential map of the plane perpendic- 
ular to u. From this we see that the horizontal space 
H m identifies those events which are simultaneous with 
m with respect to an observer at rest in the stationary 
frame and placed in s — 7r(m). In the following we shall 
refer to to as the Poincare connection, because Poincare 
[25L |26| was the first who defined the synchronization 
convention that, later, was named after Einstein. 

Let t(A) be a curve on S. The observers, all along 
t, synchronize the neighboring clocks using the Ein- 
stein synchronization convention. Given an event r*(0), 
7t(t*(0)) = t(0), they find a curve t*(A) of simultaneous 
events. The procedure that we have sketched is the nat- 
ural one that should be followed in synchronizing clocks, 
since it is simply obtained by using the prescriptions 
of the Einstein convention in each point of space. The 
reader should distinguish between this procedure and the 
one that leads to the Marzke- Wheeler coordinates since 
in the latter case an observer is privileged. In order to 
avoid confusions, in what follows we shall refer to the 
Einstein synchronization convention as a local procedure 
to be applied in each point of space. As we shall see this 
procedure cannot be applied in every circumstance 0]. 
In gauge theory the curve r* is called the horizontal lift 
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of t; it is the only curve which starts from r*(0), has 
horizontal tangent vectors, and projects onto r. 




FIG. 2: The horizontal lift and its relation with the pointwise 
Einstein synchronization. 

Before we start studying the curvature and its impli- 
cations, we recall some notions regarding local observers. 
An observer is identified by a tetrad of orthonormal vec- 
tors {u, ei, &2i 63}- A picture of may be the following: 
imagine the local laboratory of the observer to be a cube. 
The observer, at rest in the cube, stands by one of the 
corners and the normal vectors e, point towards the next 
three corners. Since points always towards the same 
corner it must satisfy 

L k ei = 0. (6) 

Let h% = 8% — u^Uv be the projector on the horizon- 
tal space of the observer. The evolution of the compo- 
nents of e, with respect to a Fermi transported tetrad 
(non-rotating reference frame) e M is well known , the 
relevant quantities are the vorticity tensor 

Wf, u = h^u [a . p] , (7) 

which represents the angular velocity of the triad with 
respect to gyroscopes (ej), and the expansion tensor 

V = (8) 

which represents the rate of separation of neighboring 
points from the worldline. From Eq. (T). after some al- 
gebra, we find that the expansion tensor vanishes thus 
allowing a local rigidity interpretation. The vorticity can 
be rewritten 



= Vk ■ k uJ[ Kl y] = — Sl MV , (9) 



where we have introduced the curvature 

fi = Duj = (duj)h = dio. (10) 

The translational invariance of spacetime implies that 
the vorticity, the curvature and the norm of the Killing 
vector field have a vanishing Lie derivative. As a con- 
sequence the angular velocity of an observer at rest in 
the stationary frame points always in the same direction 
with the same norm. Its components with respect to e, 
do not change in time. 

Gauge theory tells us that if S is paracompact and 
simply connected the curvature vanishes if and only if 
the horizontal lifts of closed curves in S are closed in M. 
In order to make use of the Einstein convention the hori- 
zontal lift should be closed, otherwise there would be two 
simultaneous events placed in the same time-like world- 
line. In that case, the Einstein convention would be of 
little use. If the topological requirements are satisfied: 
the Einstein synchronization convention is applicable if 
and only if, in every point of the stationary frame, ob- 
servers at rest do not rotate 0- Moreover, if the vorticity 
is different from zero in a point s of space, an observer 
at rest in that point feels inertial forces because its local 
reference frame rotates with respect to Fermi transported 
gyroscopes. These observations assure that the rotating 
platform in special relativity is indeed quite representa- 
tive of the general interrelationship between the Einstein 
convention, inertial forces, and rotation. 

Let us study the simple case £7 = 0. Gauge theory 
tells us that, when the curvature vanishes, there exists a 
foliation of the principal bundle in three-dimensional hy- 
persurfaces with horizontal tangent spaces. They are the 
hypersurfaces of simultaneity accordingly with the Ein- 
stein convention. Those hypersurfaces are orthogonal to 
the Killing vector field because their tangent spaces are 
also orthogonal to it. The existence of hypersurfaces or- 
thogonal to a vector field is the object of Frobenius theo- 
rem: the necessary and sufficient condition for the vector 
field v 11 to be hypersurface orthogonal is V[ a \7pv^ = 0. 
This condition is indeed coherent with £7 = because the 
equations 

£1 = 0, (11) 
fcAdfc = 0, (12) 

are algebraically the same. 

If $7 ^ the Einstein convention is no longer appli- 
cable. Here gauge theory suggests a standard procedure 
to extend coordinates {x 1 } on S to the whole principal 
bundle. First choose a section a : S — ► M and then as- 
sociate to the event a(x l )e t the coordinates {x l , t}. This 
procedure depends on the section (gauge) chosen and, 
from the physical side, corresponds to taking the events 
on the hypersurface cr(S) as simultaneous. A number of 
different simultaneity conventions can be adopted, each 
one in correspondence with a particular section. In ge- 
ometry the change of section is exactly what in physics 
is a gauge transformation. Hence we pass from one con- 
vention to another via gauge transformations. Usually 
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in physics one works with the potential, that is with the 
pullback A a (x l ) = <j*oj. In the coordinates {x t ,i} 1 the 
Poincare connection becomes 

uj = dt + A a {x l ). (13) 

It is invariant under the change of section (gauge trans- 
formation) 

t' = t-a{x l ), (14) 
A a , = A a + da{x l ). (15) 

It is also convenient to introduce the field strength 
F(x l ) = a*il = dA a . Let us come to a frequent question 
in gauge theories. If r(A) : [0, 1] — > S is a closed curve, 
how much is St such that t*(1) = r*(0)e A *? In order to 
answer this question we have to recall that t* has hor- 
izontal tangent vectors. Integrating lu over r* we find 

St = -j,A a . (16) 

The physical interpretation of this result is connected 
with the Sagnac effect 0, • 

III. SPACE METRIC AND SAGNAC EFFECT 

Let us define over S a metric through the formula [ToL 

dl 2 = -%da;W i, j = 1,2,3 (17) 

in the coordinates {x l ,t} introduced above. From a ge- 
ometrical perspective this formula for the space metric 
dl 2 can be rewritten 

dl 2 (X,Y) = -g(X*,Y*), (18) 

where X*, Y* , are the horizontal lifts of the space vec- 
tors X, Y. The vectors X*, Y* belong to the horizontal 
space of the observer which passes through their origin, 
and that horizontal space is nothing but the local space 
of an incrtial observer. Hence, from a physical point of 
view the previous formula says that the space metric is in- 
duced from the measurements made by local inertial ob- 
servers. This statement relies on the fact that, for an in- 
ertial observer, the spacetime metric serves also to define 
the space metric through the formula r/(X*,Y*) where 
X*, Y* belong to its space. However it is an assumption 
that for accelerating or rotating observers, space mea- 
surements should coincide with those performed by iner- 
tial observers. This postulate referred also as the "sur- 
rogate frames postulate" 0] is waiting an experimental 
verification. Actually, in our stationary frame, observers 
at rest in the frame are not necessarily inertial. To claim 
that equation l|18f) describes accurately the space met- 
ric as experimented by observers at rest in the frame, 



would go beyond our knowledge. A number of alterna- 
tives, espec ially for the rotating platform have been sug- 
gested [13, l33| . A similar debate raised in the contest 
of Kaluza-Klein extensions of gravity where two different 
interpretations of the five dimensional metric were natu- 
ral: those of Weyl and Pauli |2^]. This is not accidental 
as the mathematics involved in the spacetime splitting in 
time plus space is that of Kaluza -Klein theories. Indeed 
the spacetime metric can be rewritten 

g(A, B) = {k- k)uj{A)uj(B) - dl 2 {n*A, n*B) , (19) 

which is a Kaluza-Klein metric in the spacetime manifold. 
Another useful choice for the space metric is the optical 
metric pj, dl — dl/(k ■ k). Indeed the geodesies of light, 
and hence their projections, are invariant under confor- 
mal transformations of the spacetime metric g. In the 
study of light propagation we can reduce the spacetime 
metric to the form, ds 2 = u 2 — dl 2 where no conformal 
factor appears. Now, the projection of a geodesic of a 
Kaluza-Klein metric with unitary scalar field, k ■ k = 1, 
satisfies a straightforward generalization of the Lorentz 
law. In the null case it reads 

%v* = Fy , (20) 

where v l — dx % /dl is the tangent vector of the projec- 
tion and V is the covariant derivative with respect to 
the optical Levi-Civita connection. Hence, at least light 
rays, satisfy a Lorentz like equation in the optical metric 
background. Here we use the optical metric as a tool for 
finding the dynamic phase(see figure [2J- 

Let us consider two light beams that leave r* (0) follow- 
ing the path r(A), one in the positive direction and the 
other in the negative direction. Figure [21 shows one of the 
beam and displays some relevant quantities like the dy- 
namic phase At and the holonomy St. As seen from the 
local inertial frames along t, with respect to their local 
Einstein synchronized times, the two light beams have 
the same speed c = 1. Let / be the natural parameter of 
t. The dynamic phase is 

At=[ dt= [ dT = I — d/ = Lie. 

Jr* Jt* VkTk It Cy/k{l) ■ k(l) 

(21) 

Where L is the total optical length of the path r. Com- 
ing back to the Sagnac effect, the dynamic phase does 
not depend on the direction followed by the light beam. 
On the contrary, the holonomy changes sign; as a con- 
sequence the difference of the arrival times of the two 
beams is twice Eq. <|16H , and taking into account the time 
dilation, that is the difference between Killing time and 
proper time, the Sagnac effect becomes 

St = -2Vk~k j A a . (22) 

This equation is conveniently written in the coordinates 
{x l ,x° — t}. Let E be a two-dimensional surface such 
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that r = <9£. 
and A ai = g 0l /g 00 



From k = d* we have k^ 
hence @ 



St 



on; 



,9o, 



oV = 2( 3oo )- 



-l^-dr' • .l.r'. 
r #00 (.goo ) 2 

(23) 

Notice that the worldline of a point at rest in the station- 
ary frame has equation, x l = const.. This condition, and 
the independence of <? M „ of time, selects those systems of 
coordinates for which the previous equation holds. 

We have completed our exposition of the gauge prop- 
erty of simultaneity in stationary frames. The reader 
familiar with gauge theories can easily recognize the 
formal similarity with electrodynamics. Both theories 
have the mathematical structure of a gauge theory over 
a one-dimensional group. The only relevant difference 
is that in the stationary frame the structure group is 
contractible (otherwise there would be closed time-like 
curves), whereas in electrodynamics, U(l), is not. This 
implies that, in electrodynamics, we can have non triv- 
ial principal bundles like monopoles, whereas this is not 
possible in the present context. Other analogies, like that 
between the Sagnac effect and the Aharonov-Bohm effect 
[2^|, or like that between magnetic forces and Coriolis 
forces 0, H3 j become self evident in light of the gauge 
interpretation. 



IV. SIMULTANEITY IN NON-STATIONARY 
FRAMES 

So far we have considered stationary frames. In gen- 
eral, however, the trajectories of the observers which de- 
fine the frame, are not generated by a Killing vector field. 
This does not imply that the simultaneity is no more de- 
scribed by a gauge theory, but only that there is no con- 
nection preserving structure group. We can still define 
the space S as the manifold of the observer worldlines. 
Then, discarding some pathological choices for the tra- 
jectories, at least in an open set, the space S will be a 
differentiable manifold and there will be a differentiable 
projection n : M — > S. Hence, again, M can be consid- 
ered as a fiber bundle over the space S. 

It should be noticed that over this bundle one can de- 
fine the action of the one-parameter group of diffcomor- 
phisms (j>™ generated by the four- velocity field u(x). With 
this right action M can be considered, at least locally, as 
a principal bundle. However, in general, such a structure 
group does not preserve the simultaneity connection. It 
is, then, more convenient to treat M as a fiber bundle 
without structure group since the beginning. 

The theory of connections, i.e. gauge theory, was 
developed by mathematicians in this general context 
|18|. Generalized connections appeared also in physics 
in some works on Kaluza-Klein theory and general rela- 
tivity 0, ■ In those papers it was shown that most of 
the usual gauge theory has an analogue in the new set- 
ting even from the dynamical side. However, they did not 



Gauge theory 


Simultaneity 


Fiber bundle 
P 


Spacetime manifold 
M 


Structure group 
G 


Group of time translations 
Ti 


Base 


Space of worldlines 
S 


Fiber 


Worldline of an observer 
at rest in the frame 


Vertical space at 
the point p 


Space spanned by the four 
velocity of an observer at p 


Horizontal space 


Local Einstein's 
simultaneous events 


Horizontal lift 


Pointwise Einstein's 
synchronization 


Connection 


Poincare connection P 


Choice of the section 


Choice of the simultaneity 
convention 


Gauge transformation 


Change of the simultaneity 
convention 


Curvature 


Angular velocity of observers 
at rest in the frame 


Bianchi identity 


Dw + a A w = 


Holonomy 


Sagnac effect 


Dynamic phase 


Optical round trip time 
in absence of holonomy 
L/c 


Kaluza-Klein metric 


Spacetime metric 



TABLE I: Gauge interpretation of simultaneity. The corre- 
spondences in italic hold in stationary frames but do not hold 
in general. 



take advantage of the coordinate-independent approach 
developed by mathematicians. 

Let us introduce the generalized connection in a form 
useful for our purposes. A connection is given by a dis- 
tribution of planes H x , that is, by a differentiable as- 
signment, in each point of the bundle, of a plane that 
we shall call horizontal. The plane, together with the 
tangent space of the fiber spans the tangent space at x. 
The relevant difference with the usual gauge theory is 
the absence of a structure group which sends the fiber to 
itself and horizontal planes to horizontal planes. Many of 
the features of the usual gauge theory have a generaliza- 
tion. It is still possible to define the horizontal lift, the 
curvature and the parallel transport. Even the Bianchi 
identities have a generalization ■ 

In our case, the fiber bundle M has a natural con- 
nection. The horizontal planes are given by H x = 
ker(u Q (a;)da; 0! ) where u a is the four-velocity of the ob- 
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server. In this way the connection maintains its original 
meaning: the horizontal plane still selects, locally, those 
events which are simultaneous accordantly with the Ein- 
stein synchronization convention. Analogously, the hori- 
zontal lift t* is obtained by a pointwise Einstein synchro- 
nization over r. Notice that the connection u> = u a dx a 
is defined only up to a spacetime factor, because its ker 
does not change after such a multiplication. For this rea- 
son, in the generalized gauge theory, one works with the 
vector valued connection P@ = u^u ai which is the pro- 
jector of the tangent space onto the vertical subspace. 
The curvature is defined through the Frolicher-Nijcnhuis 
bracket which acts on a pair of vector valued forms, say 
K and L of degree k and I respectively, giving a vector 
valued form of degree k + 1. If K = a <g) z and L — f3®v 
with z and v vector fields, the Frolicher-Nijenhuis bracket 
can be characterized by 

[a®z , /3(g) v]fn — a A (3 <g> [z, v] + a A L z (3 ® v 

-(-l) fe '/3 A L v a ®z + (~l) k i v a Ad[3®z 
-(-l) kl+l i z (3 Ada®v, 

where [ , ] is the Lie-bracket. 

The vector valued curvature R (which has nothing to 
do with the Riemann tensor), and its real counterpart f2 
are defined through the formula 

2R = -[P,P] FN or 2u l3 n = -[u' i u,u v u] FN . 

(24) 

After some algebra the previous equation reads 



fl = Duj. 



(25) 



that is, the same expression obtained for the usual gauge 
theory. This expression is invariant under multiplication 
of the connection and the curvature by the same factor 
f(x). Previously that factor was fixed by the requirement 
u>(k) = 1. Here it is fixed by uj(u) = 1. In this normaliza- 
tion the curvature is linked to the vorticity through the 
relation f2 M „ = — 2w Mt/ . 

Let A — 3/ da, B = d/db, be two fields over S of van- 
ishing Lie bracket, and let A* and B* be their horizontal 
lift. Plugging these fields in Eq. (|25|l we find 



[A*Aa,B*Ab] li u M = 2w afi A* a AaB* p Ab. 



(26) 



The left hand side expresses the holonomy of a closed 
path r of sides Ax 1 = A z Aa and Ax 1 = B l Ab in units of 
proper time. That is, it gives half the Sagnac effect for 
the path described. The right hand side stands for the 
product 2uj ■ AS where AS is the oriented area enclosed 
by the path r. Hence, Eq. I|26|l is an infinitesimal, and 
general relativistic version of the well known formula of 
the Sagnac effect j3l| 



5t = 



AlS-AS 



(27) 



Notice that this equation holds only for infinitesimal 
paths. In the case of a stationary frame, there is an 
integral version given by Eq. (|23|l . 



In the generalized gauge theory the Bianchi identity 
reads 



[P,R] 



FN 



0. 



(28) 



After some calculations, and using only the horizontality 
of the 2-form £1 one arrives at 



Dfl + a A n = . 



(29) 



Hence, the Bianchi identity is a non trivial, and quite un- 
expected, differential relation between the vorticity and 
the acceleration field. In terms of the vorticity vector 

; w af3 = e a ^ s u 1 w 5 1 (30) 
the Bianchi identity takes the form 



a a/3*y5 

w = - e P1 upvjys 



w. 



2w u a,, 



0. 



(31) 



This identity can be checked directly using Eq. Q and 
Eq. (|30|l . The physical meaning follows recalling that in 
flat spacetime and for a non-relativistic fluid described 
by a vector field v the vorticity vector is uj — |V x tJ. 
Thus in the non-relativistic limit V • uj = 0. The Bianchi 
identity is therefore a generalization of this equation to 
the relativistic case. It shows that when relativistic ef- 
fects are taken into account the acceleration becomes a 
source for the vorticity vector. Restoring c one sees that 
this effect, in the non-relativistic limit, is suppressed by 
a factor 1/c 2 . 

Tablc[I]summarizes the parallelism between simultane- 
ity and gauge theory. 



V. BACK TO THE USUAL GAUGE THEORY 

One can ask what is the condition that the vector field 
u should satisfy in order for the connection to be prin- 
cipal. In other words, in what circumstance is there a 
vector field 



X = x(x)u, 



(32) 



whose one parameter group of diffeomorphisms cj)^ with 
X = dt sends horizontal planes to horizontal planes? If 
it exists one can choose 



X„ 



XX' 



(33) 



and Eqs. © and become both satisfied. The invari- 
ance of the horizontal planes under the group of diffeo- 
morphisms (j)^ reads 



(34) 



Let ui be a real valued connection (kerw(x) = H x ). The 
previous equation becomes 



Lxu = f{x)uj , 



(35) 
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for a suitable function / : M — > K. Let us begin with 
LUp = Xp, we find 

{L x g) Pv X» = fXp. (36) 

This equation is equivalent to Eq. 134(1 . It is satisfied, for 
instance, if X is a conformal Killing vector field 

X^ 

L x g = ^g, (37) 

hence our previous treatment of simultaneity in station- 
ary frames can be easily generalized to conformal sta- 
tionary frames. In both cases the connection is prin- 
cipal, that is, invariant under the action of a structure 
group. This should have been expected because the rela- 
tion of orthogonality follows solely from the causal struc- 
ture of spacetime, that is, it is invariant under conformal 
transformations of the metric. A conformal Killing vec- 
tor field, preserving the causal structure, preserves also 
the orthogonality relation and therefore sends horizon- 
tal planes to horizontal planes. Equation (|36|l . however, 
does not solve our problem because it is not expressed in 
terms of the four- velocity field u(x). 

Let ojp = up, plugging this equation in Eq. I|35|l we 
find after some algebra 

V u iip + {\nx)(3 =upV ll (\nx) ■ (38) 

The projection of this equation to the vertical space is 
automatically satisfied. It is convenient to introduce the 
acceleration 1-form ap — V u up and to project the previ- 
ous equation to the horizontal plane 

£>(lnx) = -a. (39) 

The problem is solved if we can establish in what cir- 
cumstances this equation has a solution ln% (x 1 1S the 
acceleration potential Q) over the fiber bundle). The 
condition we are seeking is an integrability condition for 
Eq. iJSSJl. It should be noticed that Eq. (JSSJl gives us 
the value of dy(lnx) only for Y G H x . In order to find 
d u (\iix) we have to use the non integrability of the dis- 
tribution of horizontal planes. If R = 0, however, the 
distribution of horizontal planes becomes integrable and 
the spacetime admits a foliation of simultaneity slices. In 
that case there is an infinite number of solutions (if any), 
each one in correspondence with a different time param- 
eterization of the simultaneity slices. The equivalence 
relation "x ~ y if there exists a piecewise C 1 horizon- 
tal curve which joins x and y" , divides the spacetime 
manifold into sets M,, M = U,Mj. In each set the equa- 
tion H39fl has a unique solution x( x ) U P to a constant 
factor. Indeed if x' is another solution of Eq. (|39|) then 
D\n(xx'~ ) = and hence xx'~ — °i m each set Mj . 

Without losing generality we can restrict ourselves to 
a region Mj where each pair of events can be joined by 
a horizontal curve. We assume that Mj is simply con- 
nected. Let us consider the 1-form 

a = f(x)u-a, (40) 



where f(x) is a real valued function. With a straightfor- 
ward calculation it is easy to show that da = if and 
only if 

Da = fDu, (41) 
L u a = fa-Df. (42) 

In this case, a = dip and from Eq. 1)40 p. / = d u ip and 
Dip = —a. Since ip solves Eq. 139|) it is the function ln^ 
we are looking for. Conversely if ln%, solution of i|39|l . 
exists, it satisfies Eqs. (|4QI42ll with f = d u ln%. 

The system of equations (|41f) (14211 is our necessary and 
sufficient condition in order to establish whether our con- 
nection is principal. The first equation l|41|l states that 
the two forms Da, Du must be proportional: the pro- 
portionality factor gives the derivative / = d u (hix) that 
Eq. I|39|) was unable to determine. The second equation 
(|42|l states a condition that can be checked once we sub- 
stitute f(x) as given by Eq. 1|41|) . Hence, we can establish 
whether or not the simultaneity is described by a princi- 
pal connection looking only at the physical data u(x). 

If a = the system is solvable with the solution 
x(x) = 1. This result says that, when the congruence 
of time-like curves is given by geodesies, the simultaneity 
can be treated as a gauge theory over the group of time 
translations. 

Another interesting case, which generalizes the previ- 
ous one, is that of a perfect fluid of equation of state 
p = p(p). The stress-energy tensor is 

T"" = (p + 3 ))//- M '"', (43) 

The conservation of 4-momentum T.^ leads to the local 
energy conservation and to the Euler equation 

P,u = -{p + p)V-u (44) 
(p + p)a = Dp (45) 

One can introduce the functions 

V Jpo 3{P + P)J \Po+PoJ 
which are related to each other and to the pressure. Us- 



ing the relation between the determinants g — x 2 ^, the 
energy-momentum conservation becomes 

(ln(ir 3 |/i|5)) = (48) 
a + D In x = (49) 



This last equation says that the flow lines of the perfect 
fluid define a frame where the simultaneity is described 
by a gauge theory over the group of time translation. The 
invariance of the connection u> under time translations 
(see Eq. |(IJ| and Eq. (|13pl implies that the potential A a 
does not depend on time. Making use of Eqs. I|48|l i|19|) 



8 



(|13fl and introducing hij = R 2 hij, the spacetime metric 
becomes 

g^dx^dx" = x(x) 2 (dt+Ai(x j )dx l ) 2 +R(x) 2 h l3 \x k , t)dx l dx J 

where the determinant h does not depend on time. The 
function R(x) can be interpreted as the scale factor of 
the universe since a volume element scales as R 3 with 
time (8 — V • u — ZR U /R). This well known result, 
already obtained by Ehlers, Taub and others (see Q and 
references therein) arises here as a natural consequence 
of a careful analysis of simultaneity in the simple case of 
a perfect fluid with an acceleration potential. 

VI. CONCLUSIONS 

I have shown that simultaneity is described by the 
mathematics of gauge theories. The fiber bundle is the 
spacetime manifold and the fibers are the trajectories 
which define the frame. The connection is determined 
by local simultaneous events accordantly with the Ein- 
stein convention, and the horizontal lift follows from a 
pointwisc Einstein synchronization. The curvature is the 
angular velocity of the observers at rest in the frame and 
the holonomy is the obstruction against the possibility 
of applying the Einstein synchronization in the large. A 
global simultaneity convention allows the introduction of 
a time coordinate on the manifold. A change in the global 
simultaneity convention is a gauge transformation. The 
gauge formalism suggested the calculation of the Bianchi 



identity which turned out to be a differential relation be- 
tween the acceleration field and the vorticity field. 

A necessary and sufficient condition on the vector field 
u{x) in order for the connection to be principal has been 
given. In that case the fiber bundle admits a structure 
group T\ of time translations which preserves the con- 
nection, and the usual gauge theory is recovered. Partic- 
ular cases are frames of geodesies, frames derived from 
the flow lines of a perfect fluid and conformal station- 
ary frames. In this last case the Sagnac effect depends 
straightforwardly on the holonomy of the light path 
through a generalization of Eq. 1)23(1 . Apart from these 
simple cases, in order to appreciate the gauge nature 
of simultaneity, in the spirit of contemporary physics, 
the whole machinery of the Frdlichcr-Nijcnhuis algebra 
is needed. 

The gauge picture of simultaneity is expected to be 
useful in the search for non trivial solutions of the Ein- 
stein equations. Moreover, once generalized to higher 
dimensions, the mathematics involved can prove to be 
useful in modern Kaluza-Klein theories, since there, the 
cylinder condition is dropped. 
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